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1. INTRODUCTION 
In this paper,  we consider the Cauchy problem of the nonl inear parabol ic  equat ion 
ut -F -2  x = etuxx' 
u(z, o) = uo(x), 
u0 C L °~. Equat ion (1) is derived from the unsteady Navier-Stokes equat ion 
Ut + C(V)  . Vx = Re -1 D I (U)  + x ;1D2(U,x ) ,  
which describes one-dimensional  unsteady gas motion with spherical  symmetry,  where 
(1) 
(2) 
(3) 
U = , C(U) = 1 + ¢T 1 + Ep ev 1 + 6T , 
0 0 ~v 
DI(U)  = 
(0 0!) 
4 [1 cp] 
0 -~ + u Ux,, D2(U,x)  = _ jxp  . 
x 
qI- I 0 p---( 
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See [1, equation (3.86)] or [2, Chapter iv, equation (21)]. Equation (1) is a perturbation of 
equation (3) in the form U = Uc+e(Uo+eUl+. .  "+#1U2+#2U3+. • • ), where #1 = Re -1, #2 = x~ -1. 
The situation is retrieved by introducing dependence of the solution on the slow variables 
rl = et, v2 =/zlt ,  r3 = #2t 
besides the fast variable t = TO. Thus, we have, formally 
0 0 0 0 0 
0-7 = or0 + + .1  + 
In this situation, it is obtained that a singular equation 
W 
+ + = (4) 
where x, t are new space-time variable and W is a scalar. Then using translation u = tW, t ~ = lnt 
and replacing t' with t and setting e = 1, we can get (1). The details can be found in [2]. 
Equation (1) also is the model of the propagation of finite-amplitude sound waves in variable- 
area of duct (see [3,4]), where u is an acoustic variable, with the linear effects of changes in the 
duct area taken out, and ee t depends on the particular duct chosen. 
In [4], the author is concerned with continuous uo(x)  such that u0(x) --* C -t- D as x --* +c<), 
corresponding to a piston motion starting at some constant velocity. He is interested in the 
behaviour of u(x,  t) of long time. Crighton and Scott [3] have shown that the limiting form of u 
is an error function C + Der f (x / (2v / -~ - 1)), which is a solution of the linearized problem. But 
they studied the behaviour of u(x,  t) of large t under the assumption that the solution of (1),(2) 
exists. 
In this paper, we prove the global classical existence of (1),(2) under Uo(X) E L°° (R) .  Moreover, 
we obtain the asymptotic behaviour of the solution u(x,  t) for long time under certain conditions. 
In Section 2, we obtain that the existence of the local solution for small t by the method of 
successive approximation. Then by proceeding inductively and maximal principle, we establish 
the existence of the global solution. This method was used in [5-9] and references therein, In 
Section 3, by simple computation, we obtain that the solution of (1),(2) tends asymptotically to
the solution of the heat equation in H i norm by e - t  rate under the same initial value as that 
in [4]. The author [4] proved that the solution of (1) tends asymptotically to the solution of the 
heat equation in L ~ norm as t ~ cx). By use of an embedding theorem, the aforementioned 
result in [4] is a consequence of the corresponding one obtained in this paper. 
2. EX ISTENCE OF  THE 
GLOBAL SOLUTION 
We consider the.existence of global solution of a generalized Burger's equation 
UT Jr- "~ x = eTuxx'  
u(z ,  o) = uo(x). 
Letting t = e T - 1, equation (5) becomes 
ut  -uxx  = - t + 1" 
This can be rewritten as the following integral equation: 
u(x,  t) = u (°)(x) - dr  
oor+l  0y 2 
(5) 
(6) 
(T) 
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where 
and 
F u (°) (x, t) = H(x - y, t)uo(y) dy oo 
H(x - y, t - r) = 1 e_(~_~),/4(t_~). (8) 
2~/~(t - r) 
LEMMA 1. There exists a solution u(x, t) [or the integral equation (7) in the strip ~rl = {(x, t), 0 < 
t <~_ t l ,  where t l  = min{(v~ - 1)2~r/4M 2, 1} and H~0HLo¢ = U}.  
PROOF. We use the method of successive approximations. Set the equation of approximate 
integral equations as follows: 
~t /~ 10H(x -y , t - r ) (u (n -1) (y , r ) )  2 
u ('~) (x, t) = u (°) (x, t) - dr dy. 
oo r -{ -1  cOy 2 
(9) 
Define Ilfl[ = sups1 If( x, t)l for any bounded function f(x,t)  in the strip ?r 1. By a calculation, 
we have 
F F OH(Y'r) l 1 g(y, r)dy = 1, , ~y dy - v /~,  for r > 0, 
oo oo (10) 
for (v~) "-1 r - r ( (n -1 ) /2  + 1) (v~)"  • 
 7:7 ar  = W ) 
First, by the method of induction, we will show that 
u (n)(x,t) <v~M,  n=l ,2 , . . . ,  for (x, t) • ~l. (11) 
n = 1 (11) is true. Suppose (11) is true for n _< m - 1. Then by (9), we have 
(v~M) 2 
u (m) (x, t) l <_ M + 
< M + (v~M)----~2 
2 
dr dy 
oor+l N 
× 2-~1 < v~M.  
Then we are going to show that 
u(")(z,t) - u(=-l)(x,t) _< C•-i F((n - 1)/2 + 1/2) vf~M°' (12) 
where Co = v~M and M0 = M(V~-  1). Equation (12) will be proved if we have 
u(n)(x,t) - u( . -1) (x , t )  <_ 
(c0  n-1 
r ( (n  - 1)/2 + 1/2) v~Mo,  n ---- 1 ,2 , . . . , (x , t )  E ~rt. (13) 
Indeed for n = 1, by (9), we get 
£/ I  OH(x-  y , t -  ~(1) (x, t) - ~(°) (x, t) < (v~M)~ dr 
- 2 oo Oy 
< M2-- '~v~IM2 ; (v~-  1) V~ - 2M 
----M (V~-1)=Mo.  
r) I dy 
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Suppose (13) is true for n < m - 1, then we obtain 
u (m) (z, t) - u (m- 1)(x, t) 
1for /~° OH(z -y ' t - r )  (u(m-l)(y,r))2_(U(m-2)(y,T))2 dy 
oo  
/o'/2 < v~M dT oo OH(x~y, t - r )  U(m_,)(y,T)_U(m_2)(y,r ) dy oo  
/o' < v/~M 1 (C°v/-v)m-2 v~Mo dr - ~ F ( (m - 2) /2 + 1/2) 
C$-'Mo fo ~ (v~) m-~ 
= r ( (~ - 2)/2 + 1/2) ~-7  d~- 
(C0v~) m-1 v/~M0. 
< r ( (m - 1)/2 + 1/2) 
Here (10) is used. Again by the method of induction (12) is proved. 
Noting that F(z) = ~-:.~=o(Z'Vr(n/2 + 1/2)) is an entire function of z it follows from (11) and 
(12) that u('~)(x, t) converge uniformly in the strip ~rl whose limit is denoted by u(x, t). It  is clear 
that u(x, t) is the solution for the integral equation in the strip ~rl. Moreover, since u(n)(x, t) is 
continuous in the strip ~rl so is the function u(x, t). 
Now we are going to prove that the solution of the integral equation (7) is the classical solution 
of the initial value problem (1),(2) in 7rl. 
THEOREM 1. LOCAL EXISTENCE. Under the condition that {lltOIIL~, there exists a classical 
solution u(x, t) for the Cauchy problem (1),(2) in the strip Irl such that the following estimate 
holds: 
{u(x,t)t < vr2M, for (x,t) e Vrl. (14) 
PROOF. It is sufficient o prove that u(x, t), the solution of the integral equation (7) obtained in 
Lemma 1, has continuous derivatives with respect o x up to two and continuous derivative with 
respect o t in ~rl. Since 
/~  OH(x--y,t--T) OH(x+h-y , t -T )  l ( t__~_r) 3 1 
oo Ox - -Ox dy <_ C ~/t - T 
here C is a positive constant. By integrating the above formulas in ~" from 0 to t, for 0<3< 1, 
we have 
~ot /~oo OH(x -- y,t-- 
Then by (7), we obtain the following estimates: 
({A~u(x't)') < C(M, tl,3)t-3/2, max {h]~ - 
( 'Athu(x't)[ ) < C(M, tl,3)t -~/2, 
max ihlZ _ 
OH(x + h_ox- y' t - v) dy d~" < Clhl3t (1-3)/2. 
o < t < tl, (! 5) 
0 < t < tl, (16) 
where A~u(x, t) = u(x + h, t) - u(x, t), AthU(X, t) = u(x, t + h) - u(x, t), C(M, t, 13) is a constant 
depending on M, tl, and/3. In order to prove u(x, t) has continuous derivative with respect o x, 
it is sufficient o prove 
v(x,t) = --~x2 (X - y,t - r) dyd~- 
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is continuous with respect o x. Let 
/ot-L /~oo 02H "u2(Y")  " VL(X,t) ---- --~x2 (X -- y,t -- 7 ) - - - -~  aydr. 
We utilize the identity 
i?o,.. c¢-~x2 (X-y , t - l - ) f (x , r )dy= f(x,T) oo-~x2 tX -y , t - r )dY  
= ](z,r) - -~ 2 I - I (x -y , t - r )@ 
O~ 
= l(x,  r)~-~-{l} -= o, t > r, 
then 
and 
/ot / ;  b2H" {u2~ 'v) u:(x'v) } v(x,t) =-  oo -~x2 (X- y , t -  ~') 
foo~-L F O2H , { u~ } VL(X,t) = c¢ ~x2 (x_y , t _  v ) ,T) _ U2(X'r)2 dydr 
[v(x't)-vL(x't)J < L/-~co -~x2 [ lu(y'v-)-u(x'r)lly-xl~dydvly-xl ~ ' 
x exp 4( t -  7) " 2(t -~)1/2 dr 
f < C(t - L) -0/~ (t - r) ~/2-1 dr 
J t - - L  
< (t - L)-~/2L~/2. 
593 
Here C is a positive constant depending on the bound of u(x, t) and (13). This implies that v(x, t) 
is the uniform limit of the continuous functions VL(X, t) on compact subsets of - co  < x < co, 
0 < t. Consequently, v(x, t) is continuous for -0o  < x < co, 0 < t. Moreover, 
supiu,(x,t){ <_ C(M, tl)t 1/2, t < tl. (17) 
By similar calculation to (15),(16) and using (17) for (x, t) E lrl, we have 
( is)  
(19) 
(I,'V,u.(x,t)l'~ < C(M, tl,Z)t-c'+~)/2, 
max \ ihl, ~ } _ 
max \ . IhP ) <- C(M't"~)t-('+~)/2" 
By using the above method and (18),(19), we conclude that u(x, t) has second continuous deriva- 
tive with respect o x and continuous derivative with respect o t. 
LEMMA 2. The solution obtained by Theorem 1 u(x,t) satisfies 
i£1uo I < M, then [u[ < M. (20) 
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PROOF. Let v(x, t )  = u(x, t )  + e(2t + [ex[2/2), where e > 0. v(x, t )  has a minimum since 
lu(x,t)[ < vf2M for x E R, t E [0,tl]. Suppose its minimum is attained at (xo,to), 0 < to < tl ,  
then v(xo, to) <_ v(0, 0) < v~M. This implies that ~3x02 has a bound independent of ~. And 
~(zo,  to) = Ou -~x(XO,to) +e3x0 = 0, 
~t (zo, to) = Ou -~(Xo,to)  +2E < O, 
0% 02u.  . 
Ox 2 (so, to) = -g-~x2 ( xo, to ) + e 3 >_ O, 
which implies 
-~ + uux--etuxx (xo, to) <_ -2e -C le  312-e3e t < 0 
provided that e is small. Here we used lul < v/2M and C1 is a constant depending on M and 
the bound of e3x 2. This contradicts the equation (ut + uux - etux~)(Xo, to) = 0, so the minimum 
is attained when t = 0. Hence, 
U(x , t )+e(2t -4 - [~)  > inf u0, 0<t<Q 
provided that ~ > 0 is sufficiently small, so u > infu0 when 0 < t < tl. In the same way, by 
setting v(x, t )  = u(x , t )  - ~(2t + I~xl2/2), one finds that u _ supu0. Thus, lul < M, if lu01 _< M. 
Now by Theorem 1 and Lemma 2, we have the global existence of (1) and (2). 
THEOREM 2. GLOBAL EXISTENCE. Assume that uo E Lco(R), then the Cauchy problem (1) 
and (2) has a unique classical global solution. 
PROOF. By Theorem 1 we know that the solution u of (1) and (2) is in C2'1(7h) and ]u[ _< v~M 
for (x,t) C zrl. Since [u0[ _< M, by Lemma 2 we get that [u[ _< M in (x,t) E 7h. Thus, let tl be 
a new initial time, we can get the solution u of the Cauchy problem (1),(2) in [0, 2tl] and (12) 
hold in [0, 2tl]. Proceeding inductively, we can obtain establish the existence of the solution u in 
all of t > 0. 
Next, we prove the uniqueness. Suppose u(x, t), v(x, t) are two solutions of the Cauchy problem 
(1),(2). Let ¢(x,t)  = u(x, t )  - v(x,t) .  We have 
-~ oo dx + e t co ¢2 dx = co 
Hence, 
d--t oo V dx + 2 co ¢2 dx < C V dz 
by Gronwall's inequality and ¢(x, 0) = 0, we have ¢ = 0. 
3. THE ASYMPTOTIC  BEHAVIOR 
OF  THE SOLUTION OF  (1 ) , (2 )  
In this section, we will study some properties of the solution of (1),(2) for any t > 0 under 
assumption 
(P1) uo --~ C (a constant) as [x[ --+ 00, and f_coco luo - C[ 2n dx < c¢, n E N (set of positive 
integers); 
and the asymptotic behaviour of the solution of (1),(2) as t --+ oo under assumption 
(P2) luo] -< M and uo(x) --* u+ (two different constants) as x --* +c¢. 
Global Existence 
PROPOSITION 1. I f  UO satisfies (P1), then the solution u(x,t) of (1),(2) satisfies 
/? /? lu(x, t) - C[ 2n dx < luo(x) - C[ 2n dx, for t > 0. 
oo  oo  
PROOF. Let V = u - C, then (1) becomes 
Vt + (V + C)Vz = etVzz. 
Multiplying V 2=-1 to (22) and integrating in x from -oo  to oo, we obtain 
d-t oo -~n dx + (2n - 1)et oo V2(n-1)V 2 dx = O. 
Thus, 
595 
(21) 
(22) 
= -(¢~+ a)(¢ + a)x. (26) 
I lu(x,t) - ~(x,t)llHl(m <_ Ke -t, 
where K is a positive constant. 
PROOF. Let ~b = u " ~, then ¢ satisfies 
: :  ~ot : :  : :  v2n(x'O) dx. (23) V2n(x, t) dx + (2n - 1) eSV2(n-1)(x, s)V2(x,s) dxds = 
2n oo c¢ 2n 
From (23), we get (21). 
PROPOSITION 2. I[ UO satisfies (P2), then the solution u(x, t) of (1),(2) satisfies 
lim u(x , t )=u_ ,  lira u(x , t )=u+,  fo ranyt>O.  
X ---~ - -  O0 X "-~ O0 
PROOF. We use the representation formula for the solution of the nonhomogeneous heat equation 
ut - etuxz = - (u2/2)x  with data (2) as given by the representation formula in terms of Green's 
function for the heat operator (see, for example, [10]). 
Let T = e t -  1, then 
co exp ( - (x  - ' )2 ) '4~ 
T) = (a~T)-l/2 _{-o~ u0(~) d~ U(X,  
-- oo S + i ~ 47r(T -- S) ] ds d~. 
We let [x] ~ oo in the two integrals and apply Laplace's method for the asymptotic evolution of 
integral. The fact uz --* 0 as [x[ --4 oo yields the second term zero as Ix[ --* c¢, while the facts 
u0(~) --~ u+ as ~ --~ oo, u0(~) --* u_ as ~ --~ -c¢  show the first term approaches u+ as x --~ c¢, 
U-  as  X --~ --CX~. 
Let ~ be the solution of the heat equation 
~t = et~,  ~(z ,o )  = uo(z) .  (2a) 
THEOREM 3. Assume u0 satisfies (P2). For the solution u(x, t) of (I),(2), we have 
as t --* c¢, (25) 
596 H. ZHANG 
By Propos i t ion 2, we have ¢(+oo)  = 0. Mult ip ly ing ¢ to (26) and integrat ing in x from -co  
to oo, we have 
' / / :  I/ -~ oo -2- dx = c¢ ere 2 dx 
// = - (¢  + a)(¢ + a)x¢ dx 
//.o (:) =-  ¢ .  x+ -~- ~ + ~¢~xdx (27) 
oo  x 
= - ¢212x + f~¢~x dx 
oo  
< C ll2zl dx < C 1 
where C is a posit ive constant depending on the bounds of u(x, t) and f~(x, t). Integrat ing (27) 
respect o t from 0 to T, we have 
// :o'/: .:/1 ¢2(},T)ex+ es: fx,,)exes <_ C ,/ :xes < C < C (2s) 
oo  oo  
From (28), we get (25). 
CONCLUSION 
In [4], the author  changed (1) into an integral equation and compl icated est imate L c¢ norm. 
He obta ined that  the solution u(x, t) --* ~(x,  t) as t -* oo in L °°. Here we est imate [[u(x, t) - 
~(x,t)I]H1 by using the potent ia l  method and obtain u(x , t )  --* ~(x , t )  as t --~ oo in H 1 at the 
rate e - t  by a very simple calculation. By use of an embedding theorem, we know that  this result 
cover the one in [4]. 
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